The pressure drop over a pathological vessel section can be used as an important diagnostic indicator. However, it cannot be measured non-invasively. Multiple approaches for pressure reconstruction based on velocity information are available. Regarding in-vivo data introducing uncertainty these approaches may not be robust and therefore validation is required. Within this study, three independent methods to calculate pressure losses from velocity fields were implemented and compared: A three dimensional and a one dimensional method based on the Pressure Poisson Equation (PPE) as well as an approach based on the workenergy equation for incompressible fluids (WERP). In order to evaluate the different approaches, phantoms from pure Computational Fluid Dynamics (CFD) simulations and invivo PC-MRI measurements were used. The comparison of all three methods reveals a good agreement with respect to the CFD pressure solutions for simple geometries. However, for more complex geometries all approaches lose accuracy. Hence, this study demonstrates the need for a careful selection of an appropriate pressure reconstruction algorithm.
Introduction
Since cardiovascular diseases are the most common cause of death in many countries, development of clinical diagnostics for those diseases is of high priority. For example, the vessel's flow velocity and pressure drop can be used by physicians in therapy planning and treatment of cardiovascular diseases [1] . Phase-contrast magnetic resonance imaging (PC-MRI) enables a non-invasive, timedependent measurement of cardiovascular hemodynamics. In contrast, relative pressure is commonly obtained using minimally-invasive catheter measurements. As a noninvasive alternative multiple approaches for reconstructing relative pressure from velocity data have emerged. We choose three different methods to compare their robustness and accuracy. The first major contribution in the field of pressure reconstruction and the introduction of the PPE method was done by [2] . Over the years, it was improved by many authors including but not limited to [3] and [4] and is even used commercially. Most studies focus on the validation and improvement of the numerical schemes used to solve the PPE. One challenge regarding this approach, for example, is the estimation of normal vectors on the vessel surface. Another approach, presented more recently, is based on the Work Energy-derived Relative Pressure (WERP) [5] . This approach is based on the work energy conservation of incompressible, isothermal Newtonian flows to calculate a pressure drop over a vessel section. Finally, we introduce our own method based on the one dimensional formulation of the PPE, called 1DPPE. Hence, the reconstruction of the relative pressure is performed along the vessel centreline.
Materials and methods

Pressure reconstruction approaches
Pressure Poisson equation (PPE)
In this approach, the reconstructed pressure is the solution of the PPE with a Neumann boundary condition. On the right hand side (see Equation (1)) is the pressure gradient calculated from the measured velocity data .
(1)
This partial differential equation can be discretised and solved numerically. Its solution is the relative pressure in the vessel. In the literature, multiple different discretisation and numerical solvers have been tested. This study makes use of a finite difference discretisation and the Gauß-Seidel method to solve the system of equations.
Centreline-based pressure Poisson equation (1DPPE)
Based on the PPE of section 2.1.1 we introduce the 1DPPE approach, in this case, the pressure is only reconstructed along the vessel centreline. Therefore, the pressure gradient is projected onto the centreline by multiplying it with the centrelines local tangential vector ( ) obtaining the gradient along the centreline ( ).
(2)
After the projection, an equation and boundary condition equivalent to Equation (1) can be derived.
(3) These equations are again solved numerically for the relative pressure along the centreline. For centreline computation the third party software OROBIX vmtk 1.3 (Vascular Modeling Toolkit) [6] was used.
Work-energy equation (WERP)
The third approach is based on the work energy conservation of incompressible, isothermal Newtonian flows. As a result, WERP delivers the pressure drop over a vessel section ( ) defined by an inflow-( ) and an outflow-cross-section ( ). The full derivation [5] gives the pressure drop ( ) as (4) which is expressed as a sum of the changes in kinetic energy with respect to time ( ),
through advection ( ),
and viscous dissipation ( ).
With the scalar product between matrices (:) and the sum between the Jacobi matrix and its transpose ( ):
Furthermore the flow rate through the outflow cross-section ( ) is needed.
All computations are done on a voxel grid defined by the spacing in x, y and z direction ( ) with the velocity ( ) and the normal vector ( ).
Phantom models
In order to compare the three introduced approaches, three simplified test cases were investigated: 1) a strait pipe, 2) a nozzle, and 3) a 90° bend pipe. All inflow cross sections have the same diameter of . The length of the straight pipe is . The nozzle length is with a diameter reduction to along which is located behind the inlet. Regarding the bend pipe, the 90° bending with a radius has an in-and outlet section of length. In order to avoid effects of the in-and outlet, the reconstruction is performed at the middle section, involving a length of , or , respectively. In addition, pressure reconstruction was performed for a 4D phase change magnetic resonance tomography (4D-PC-MRI) velocity data set of an aortic arch. The centreline of the aortic arch has an overall length of .
Velocity field acquisition
All cases were simulated with STAR-CCM+ 10.04 (Siemens AG, Berlin/Munich, Germany). The fluid properties are similar to human blood with a density of and a dynamic viscosity of . The strait pipe was simulated stationary with a Reynolds number of . In addition to the CFD simulation the pressure drop was measured on a phantom of the strait pipe. On the inlet of the nozzle and bend pipe, a sinus function was used to compute a transient inlet velocity as boundary condition resulting in Reynolds numbers between and . The flow is assumed to be laminar. Since the reconstruction is based on a finite difference discretization, simulation results are mapped on a voxel grid. The interpolation is performed using equidistant voxel spacing and time stepping. After interpolation all cases had a voxel spacing of and for the transient cases a time step of .
Results
Spatial pressure reconstruction
In order to compare the different methods by their ability to reconstruct the relative pressure as a function of space Figure  1 . A depicts the relative pressure along the centreline of the pipe. Both compared PPE approaches perform nearly the same and are in good agreement with pressure from the CFD simulation. Since the WERP approach calculates only the pressure difference between inflow and outflow, it is not represented in those figures. However, its pressure drop of is close to the CFD result of and an experimental measurement taken from a phantom . For the nozzle, the PPE caused a deviation near the end of the narrowing while the 1DPPE shows again good agreement with the CFD solution, see Figure 1 B. Finally, in the next level of 
Temporal pressure reconstruction
Focusing on the reconstruction pressure difference from into outlet over time, Figure 1 C, E and F depict the pressure difference over the transient velocity fields. With regard to the nozzle, both 1DPPE and PPE perform nearly the same and are in very good agreement to the CFD result, see Figure  1 C. This is expected from selected time step in Figure 1 B , where values at in-and outlet are the same for both models. In contrast, the WERP approach shows clear deviation for both the nozzle and the bend pipe. Again the reconstruction with the PPE method for the bend pipe was unsuccessful and therefore it is not present in Figure 1 E. Only the 1DPPE method was able to properly reconstruct the pressure differences for the bend pipe, despite some local errors.
Discussion and conclusion
Based on the presented results it can be concluded that the geometry has a significant impact on the accuracy of the pressure reconstruction approaches. The PPE method supplies accurate results, but highly depends on the way, how normal vectors are estimated. In our case the simple estimation of those vectors based on a 26-connected neighbourhood seemed inaccurate in regions with high curvature. In order to solve this problem, it was proposed in [4] to use a finite element discretisation, which eliminates the need for normal. The WERP method has also difficulties regarding the more complex geometries. It is still suited for simple cases because of its low computational costs. The 1DPPE method performed the best in this study. It does not require normal vectors like 3D PPE. However, results for the bend pipe revealed some limitations. The observed deviation from CFD results is probably due to the interpolation of the pressure gradient onto the centreline in the bended section. This is the main disadvantage of a centreline-based approach. For an outlook Figure 1 F depicts the result of the 1DPPE approach used on velocity data from an aortic arch acquired with PC-MRI shown in Figure 2 . The corresponding CFDbased simulation is ongoing work and will be used for a comparison of the in-vivo pressure reconstruction. 
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